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We study the analytic properties of the scaling function associated with
the 2D Ising model free energy in the critical domain T → Tc , H → 0.
The analysis is based on numerical data obtained through the Truncated
Free Fermion Space Approach. We determine the discontinuities across the
Yang-Lee and Langer branch cuts. We confirm the standard analyticity as-
sumptions and propose “extended analyticity”; roughly speaking, the latter
states that the Yang-Lee branching point is the nearest singularity under
Langer’s branch cut. We support the extended analyticity by evaluating
numerically the associated “extended dispersion relation”.
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1. Introduction
The 2D Ising model is one of the best studied systems in statistical mechanics.
Nonetheless, some questions concerning its criticality, notably in the presence of an exter-
nal field H, remain open. The Ising model free energy exhibits a singularity at the critical
point H = 0, T = Tc. The singularity is described in terms of the Euclidean quantum field
theory known as the Ising Field Theory (IFT). It can be defined as a perturbed conformal
field theory through the action




σ(x) d2x , (1.1)
where A(c=1/2) stands for the action of c = 1/2 conformal field theory of free massless
Majorana fermions, σ(x) and (x) are primary fields of conformal dimensions 1/16 and 1/2.
To be precise, we assume that the normalizations of these fields are fixed by the usual CFT
convention,
|x|2 〈(x)(0)〉 → 1 ; |x|1/4 〈σ(x)σ(0)〉 → 1 as |x| → 0 . (1.2)
Under this normalization, the parameters τ and h in (1.1) have mass dimensions 1 and 15/8,
respectively. These parameters represent a deviation from the Ising model critical point,














where ∆T = 1−T/Tc, and real positive constants Cτ , Ch (as well as the higher-order terms
in the above relations) depend on the details of the microscopic (lattice) interaction1. The
leading singular part Fsing(T,H) of the Ising model specific free energy is universal, and
it coincides with the vacuum energy density of the IFT (1.1); in what follows we use
the notation F (2piτ, h) for this quantity. It can be expressed through a universal scaling
function Φ(η) of a single variable - the scaling parameter
η = 2piτ/h8/15 (1.4)
(see Eq. (equation3.203.20) below for the precise definition of Φ(η)). This scaling function
is of much interest as it controls all thermodynamic properties of the Ising model in the
1 For the Ising models with nearest-neighbour interactions on square and triangular lattices,
specific values of these constants can be found in [1,2]; for higher order terms in Eqs. (1.3) see [3,2].
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critical domain. Although there are many exact results (obtained through exact solutions
of (1.1) at h = 0 and all τ [4,5,6,7,8], and at τ = 0 and all h [9,10]; these data are collected
in [11]) as well as much numerical data [12,13,1,14,15] about this function, its complete
analytic characterization is still lacking.
In this work we report preliminary results of a numerical study of the analytic
properties of this scaling function. We use certain modification of the well-known Trun-
cated Conformal Space Approach (TCSA) [16,17], which we call Truncated Free-Fermion
Space Approach (TFFSA). Although this modification is designed specificaly to treat the
case of IFT (while TCSA is applicable to a wide class of perturbed CFT), in our case it
produces better accuracy by taking full advantage of the fact that at h = 0 the IFT (1.1)
is a free-fermion theory [4,5]. Using this approach, we compute numerically the scaling
function Φ(η) for real as well as for some complex values of η, to the accuracy sufficient to
make exploration of its analytic structure in the complex η-plane. We locate the Yang-Lee
edge singularity [18,19], and estimate some of its characteristics. Also, we study the free
energy F (2piτ, h) at real τ > 0 (low-temperature regime) and complex h; in particular, we
determine, with reasonable accuracy, the imaginary part of the metastable branch of F
for small as well as large values of h. For small h our result is in good agreement with
the prediction from the critical droplet calculations [20,21]; moreover, we find a leading
correction to the droplet model asymptotic. We formulate an “extended analyticity con-
jecture” which states, roughly speaking, that the continuation of the free energy under
Langer’s branch cut is analytic all the way down to the Yang-Lee singularity. We then
use our numerical data to support this conjecture by verifying the associated “extended
dispersion relation”.
The paper is arranged as follows: In Sect. 2 some details of the TFFSA are presented.
In Sect. 3 we discuss what is known and what is expected on the analytic properties of
the free energy in the critical domain. Basic notations used throughout the paper are
introduced there. The extended analyticity conjecture is formulated in Sect. 4, where the
associated dispersion relation is also derived. In Sect. 5 we briefly discuss the excited
(“meson”) states of IFT, and the role of the “false vacuum” resonance in the formation
of the finite-size energy spectrum in this theory. The relation between the width of this
resonance and the separation between the meson energy levels at the “near-intersection”
points is presented there. Qualitative pictures of finite-size energy levels for real and pure
imaginary h obtained through the TFFSA are described in Sect. 6, where we also explain
in some detail how accurate numerical data for the scaling function are extracted from
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the finite-size spectra. The data is described in Sect. 7, and in Sect. 8 we present our
analytical interpretation of it. That includes approximations of the discontinuities across
the Yang-Lee and Langer branch cuts, and numerical evaluation of the corresponding
dispersion relations. Numerical support of the extended analyticity is also presented in
this Section. In Sect. 9 we discuss possible physical significance of the extended analyticity.
2. The Truncated Free-Fermion Space Approach
As is well known (see e.g. [22]), at zero external field the Ising model is equivalent to
a free-fermion theory. Correspondingly, (1.1) can be written as
AIFT = AFF + h
∫




ψ∂¯ψ + ψ¯∂ψ¯ + im ψ¯ψ
]
d2x , m = 2piτ . (2.2)
Here ∂ = 12 (∂x − i∂y), ∂¯ = 12 (∂x + i∂y), where x = (x, y) are Cartesian coordinates, ψ, ψ¯
are chiral components of the Majorana fermi field, and σ(x) is the “spin field” associated
with this fermion.
As in standard TCSA (see e.g. Ref. [23] and references therein), we start with the
IFT (1.1) in finite-size geometry, with one of the two Euclidean coordinates compactified
on a circle of circumference R, x+R ∼ x. If y is treated as (Euclidean) time, the finite-size
Hamiltonian associated with (2.1) can be written as
HIFT = HFF + hV , V =
∫ R
0
σ(x) dx , (2.3)
where HFF is the Hamiltonian of the free-fermion theory (2.2). We are interested in the
eigenvalues ofHIFT, particularly in its ground-state energy E0(R,m, h), because for large R
one expects to have
E0(R,m, h) = RF (m,h) + O (exp (−M1R)) , (2.4)
with M1 being the gap in the spectrum of HIFT at R = ∞, i.e. the mass of the lightest
particle of the field theory (1.1). In what follows, in refering to the eigenvalues of the
Hamiltonian (2.3) we typicaly use the notation E(R), with the arguments m,h suppressed;
in particular, E0(R) will stand for the ground-state eigenvalue of (2.3).
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The free part HFF of the Hamiltonian (2.3) is diagonal in the basis of N -particle
states of free fermions of mass |m|. At finite R the space of states of (2.2) splits into two
sectors, the Neveu-Schwartz (NS) sector and Ramond (R) sector (with ψ, ψ¯ antiperiodic
or periodic as x → x+R, respectively). In each sector the particle momenta are quantized
as pn = 2pi n/R where n ∈ ZZ + 1/2 in NS sector, and n ∈ ZZ in R sector. In what follows
we typicaly use the notation ni for integers, and ki for half-integers. The N -particle states
can be obtained from the NS and R vacua |0〉NS and |0〉R by applying the corresponding
canonical fermionic creation operators,
NS sector : |k1, · · · , kN 〉NS = a†k1 · · ·a
†
kN
|0〉NS k1, · · · , kN ∈ ZZ + 1/2 , (5a2.5a)
R sector : |n1, · · · , nN 〉R = a†n1 · · ·a†nN |0〉R n1, · · · , nN ∈ ZZ . (5b2.5b)
The normalizations of these states are fixed (up to phases) by conventional anticommuta-
tors,
{ak, a†k′} = δk,k′ , {an, a†n′} = δn,n′ . (2.6)
In all cases the energies associated with the N -particle states, EN (R), have standard form











m2 + (2pi k/R)2 ; ωn(R) =
√
m2 + (2pi n/R)2 (2.8)
(with positive branch of the square root taken, in particular, ω0(R) = |m|), and







1 + e−|m|R cosh θ
)
, (9a2.9a)







1− e−|m|R cosh θ
)
, (9b2.9b)
are the eigenvalues associated with |0〉NS and |0〉R, respectively. The term




in Eqs. (2.9) accounts for the famous Onsager’s singularity of the Ising free energy at
zero h [4].
4
In order to treat the IFT with nonzero h we can admit only the states which respect the
periodicity condition for the spin field, σ(x+R, y) = +σ(x, y). This condition brings a dis-
tinction between the cases m > 0 (the “high-T regime”) and m < 0 (the “low-T regime”).
The admissible states are
m > 0 : NS− states with N even , and R− states with N even ,(11a2.11a)
m < 0 : NS− states with N even , and R− states with N odd .(11b2.11b)
(at m = 0 the odd-N states in the R sector can be viewed as even-N states, with one a0
particle added). All the above statements are well-known (see e.g. [22]).
The operator hV in the full Hamiltonian (2.3) generates transitions between the states
in NS and R sectors. Fortunately, all its matrix elements between the above states are
known exactly. They are related in a simple way to the finite-size formfactors of the
field σ(x), for which an explicit expression exists,







g(θni)FK,N(θk1 , · · ·θkK |θn1 , · · · , θnN ) ,
(2.12)
where θn (θk) stand for the finite-size rapidities related to the integers n (half-integers k)
by the equations
|m|R sinh θk = 2pi k , |m|R sinh θn = 2pi n . (2.13)
In (2.12) FK,N is the well-known spin-field formfactor in infinite-space [24],



























σ¯ = s¯ |m|1/8 , s¯ = 21/12 e−1/8A3/2 = 1.35783834... (2.15)
(withA standing for the Glaisher’s constant), and the rest of the factors represent finite-size
effects. The overall factor S(R) is essentially the vacuum-vacuum matrix element
σ¯ S(R) =
{
NS〈0|σ(0, 0)|0〉R for m > 0 ,
NS〈0|µ(0, 0)|0〉R for m < 0 ,
(2.16)
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sinh θ1 sinh θ2
sinh(mR cosh θ1) sinh(mR cosh θ2)
log
∣∣∣∣coth θ1 − θ22
∣∣∣∣} ,
(2.17)
which was obtained in [26]. The momentum-dependent leg factors g and g˜ are
g(θ) = eκ(θ)/
√
|m|R cosh θ , g˜(θ) = e−κ(θ)/
√








cosh(θ − θ′) log
(
1− e−|m|R cosh θ′
1 + e−|m|R cosh θ′
)
. (2.19)
The phase factors i[
K+N
2 ] (where [...] denotes the integer part of the number) appearing
in (2.14) can be removed by an appropriate phase rotation of the states, and thus play no
role in the TFFSA computations.
The above expression (2.12) can be extracted from the result of recent papers [27].
In fact, we have obtained it independently, before [27] appeared, by a different approach.
As our derivation seems to be simpler, we outline it in Appendix A. This expression is
the m 6= 0 generalization of corresponding massless matrix elements used in [17] in the
TCSA study of IFT with m = 0.
It is useful to note that the Hamiltonian (2.3) can be rewritten to make its scaling
form explicit,
HIFT = E0 (NS)(R) + |m|H0(r) + |m| ξ Hσ(r) , (2.20)
where
ξ = h/|m|15/8 (2.21)
and the operators H0(r) and Hσ(r) (corresponding to the terms HFF and hV in (2.3))
depend on a dimensionless parameter r = |m|R only.
The bulk energy density F (m,h) can be extracted from the large-R asymptotic be-






where the first term is inherited from (2.10); the scaling function G(ξ) (and related func-
tion Φ(η) defined in (equation3.203.20) below) is the main object of our interest in this
paper.
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It is hardly possible to diagonalize the Hamiltonian (2.3) exactly. To render it tractable
by numerical methods we follow the idea of TCSA, i.e. we use finite-dimensional approxi-
mations (“truncations”) of the infinite dimensional space of the states (2.5), which include
only the states of sufficiently low energy. The truncated Hamiltonian can be diagonalized
numericaly, yielding an approximation to the ground-state energy function E0(R); the free
energy is then extracted from its behaviour at sufficiently large R, according to (2.4). More
details about this analysis are presented in Sect. 6.
3. Analytic properties of the scaling function
In this section we discuss known results and expected analytic properties of the scaling
function in (2.22).
In fact, to describe the free energy F (m,h) for both positive and negative m one needs
two scaling functions G(ξ) in (2.22). Although these two functions are analytically related
(see Sect. 3.3 below) we use separate notations Glow(ξ) for m > 0 and Ghigh(ξ) for m < 0;
these functions describe the free energy in low-T and high-T regimes, respectively. Both
functions are defined so that Glow(0) = Ghigh(0) = 0.
3.1. The function Ghigh(ξ)
This function is even, i.e. Ghigh(ξ) = Ghigh(−ξ). Around ξ = 0 it can be represented
by a convergent power series in ξ2,
Ghigh(ξ) = G2 ξ
2 +G4 ξ
4 +G6 ξ
6 + · · · . (3.1)
From From high-T
References dispersion relation
G2 −1.8452280... [7] −1.8452283
G4 8.33370(1)
[15] 8.33410
G6 −95.1689(4) [15] −95.1884
G8 1457.55(11)
[15] 1458.21
G10 −25884(13) [15] −25889
G12 5.03(1)× 105 [15] 5.02× 105
G14 — −1.04× 107
Table 1: Numerical values of the coefficients G2n in (3.1). The first column contains
the data from Refs. [7] and [15]. The results obtained through high-T dispersion
relation, Eq. (equation3.53.5), with the use of our approximation (equation8.28.2),
are presented in the second column.
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This series coincides with the perturbative expansion in h in the field theory (1.1).
The first coefficient G2 is known through this perturbation theory exactly [7], and the coef-
ficient G4 was obtained with high accuracy by using formfactor expansion of the four-spin
correlation function [28]. There is a substantial amount of numerical data on the further
coefficients. What appears to be rather accurate estimates of G2k up to G12 are presented
in a recent paper [15]. The data on these coefficients are collected in Table 1.
The function Ghigh(ξ) can be analyticaly continued to complex values of ξ. The
Yang-Lee theory [18,19] guarantees analyticity of Ghigh(ξ) in the whole complex ξ plane
with possible exception of the imaginary axis. At the imaginary axis one expects to
observe branch cuts resulting from condensation of the Yang-Lee zeroes of the partition
function in the thermodynamic limit. These branch cuts extend from iξ0 to i∞ and from
−iξ0 to −i∞, as shown in Fig. 1, where ξ0 is some positive constant whose numerical value
will be estimated in the Sect. 6,
ξ0 = 0.18930(5) . (3.2)
iξξ−i00ξYLYL*
Fig. 1: Analytic structure of Ghigh(ξ) in
the complex ξ plane. YL and YL∗ denote
the Yang-Lee edge singularities; associated
branch cuts are shown as solid lines.
ξ− ξSP*
Fig. 2: Analytic structure of Glow(ξ). The
solid line is the Langer’s branch cut. The
star denotes the nearest singularity under
this branch cut; its significance is discussed
in Sect. 9.
The branching points ±iξ0 represent the Yang-Lee edge singularity [18]. Combining
these analytic properties with the asymptotic behaviour Ghigh(ξ) ' ξ16/15 (see Eq. (equa-










where the imaginary part of the function
Gimh(t) ≡ Ghigh(−it+ 0) (3.4)
relates in the usual way to the discontinuity across either of the branch cuts in Fig. 1. In









In what follows we will refer to (3.3) as the high-T dispersion relation.
As is known [29], the Yang-Lee edge singularity is a critical point, and the as-
sociated CFT was identified in [30] as the (nonunitary) minimal model with central
charge cYL = −22/5. This CFT has only one relevant operator, the primary field of
conformal dimension ∆YL = −1/5. Therefore, one expects the singularities of Ghigh(ξ)
at ξ = ± i ξ0 to be of the form










3 GC(ξ) + subleading singular terms ,
(3.6)
where the functions GA(ξ),GB(ξ),GC(ξ), . . . , are regular at ξ = ± i ξ0. To some degree,
the singular terms in (3.6) can be understood in terms of the low-energy effective action










+ higher irrelevant operators ,
(3.7)
where φ−1/5 is the relevant primary field mentioned above, and the rest of the action con-
tains the contributions of irrelevant operators, the field (T T¯ ) (i.e. the L−2L¯−2 descendent
of the identity operator) being the lowest of such operators. The dimensionless coupling
constants λ(ξ), α(ξ), . . . , are certain functions of the scaling parameter ξ, universal in the
sense that they are uniquely determined by the original field theory (1.1) (but taken as
“input” data in the effective theory (3.7)); all these functions are expected to be regular
at ξ = ± i ξ0, and the critical point(s) ±iξ0 is defined by the condition λ(±iξ0) = 0. Thus,



















and similarly for the other couplings.
At ξ = −iξ0 (as well as at ξ = iξ0) the field theory (1.1) describes the Renormalization
Group flow from the Ising model fixed point with c = 1/2 down to the Yang-Lee fixed point
with cYL = −22/5. In this case the mass gap M1 vanishes, and the finite-size energy levels
are expected to approach the linear asymptotic (2.4) with a power-like, not exponential,
accuracy. These power-like corrections to the linear asymptotic (2.4) can be analysed
through the perturbation theory based on the effective action (3.7). In particular, for the





















where ceff = cYL − 24∆YL = 2/5 is the “effective central charge” of the Yang-Lee CFT,
α0 is the leading coefficient in (8b3.8b), and F0 stands for the free energy F0 associated
with this flow; the last quantity is related to the value of the scaling function Ghigh(ξ) at
the singular point,
F0 = F (m, 0) +m
2Ghigh(±i ξ0) . (3.10)
The calculation leading to (3.9) is similar to that presented in [31]; we skip it in this report.
3.2. The function Glow(ξ)
Unlike Ghigh(ξ) above, the analytic continuation of Glow(ξ) is not an even function
of ξ. More precisely, for m > 0 the analytic continuation in h of the free energy (2.22)
yields two different analytic functions, depending on whether one continues from positive or
negative parts of the real axis. In what follows, by Glow(ξ) we always understand analytic
continuation of the free energy from positive part of the real ξ axis. Again, according to the
Yang-Lee theory, Glow(ξ) is analytic in the right half-plane <e ξ > 0. Langer’s theory [20]
(as well as earlier calculations within “droplet models” [32,33]) predicts a weak singularity
at ξ = 0, and it is usually assumed (see e.g. [34,35,36]) that Glow(ξ) is analytic in the full
complex ξ-plane with the branch cut from 0 to −∞, as is shown in Fig. 2. We will call this
the standard analyticity assumption. This assumption will be confirmed by our numerical
analysis in Sect. 7. The function Glow(ξ) admits an asymptotic expansion in powers of ξ,
Glow(ξ) ' G˜1 ξ + G˜2 ξ2 + · · · . (3.11)
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Again, the coefficients G˜n here in principle can be computed by means of the perturbation
theory in h in (2.1). Thus, the first coefficient is directly related to the spontaneous
magnetization at zero h, given by (2.15),
G˜1 = −s¯ . (3.12)
The coefficient G˜2 is also known exactly, since its computation involves integrating the
two-spin correlation function, which is determined in terms of the Painleve´ functions [7].
Several further coefficients were estimated in [37] using exact large-distance expansions of
multi-spin correlation functions at zero h. Numerical estimates from lattice series analysis




G˜2 −0.0489532... [7] −0.0489589
G˜3 0.0387529
[37] ; 0.039(1) [13] 0.0388954






G˜10 — −6.79× 102
G˜11 — 5.34× 103
G˜12 — −4.66× 104
G˜13 — 4.46× 105
G˜14 — −4.66× 106
Table 2: Numerical values of the coefficients G˜n in (3.11). Exact results for
G˜1 and G˜2, and numerical estimates found in literature, are collected in the first
column. The second column shows results obtained through low-T dispersion rela-
tion, Eq. (equation3.133.13), using our approximation (equation8.148.14).
If one makes the above standard analyticity assumption (as in Fig. 2), the coeffi-








, n = 2, 3, 4, . . . , (3.13)
11
where the function
Gmeta(ξ) ≡ Glow(−ξ + i0) (3.14)
at positive ξ describes the values of Glow(ξ) at real negative ξ, at the upper edge of the
branch cut in Fig. 2. Correspondingly, the discontinuity of Glow(ξ) across this branch cut
equals 2i=mGmeta(−ξ). The Eq. (3.13) follows directly from the dispersion relation [34,35]








where the integral converges at any finite ξ because Glow(ξ) ∼ ξ16/15 as ξ →∞ (as follows
from (equation3.283.28) and (equation3.293.29) below).
The function Gmeta(ξ) deservingly attracts much attention, for at least two reasons.








, ξ = h/|m|15/8 , (3.16)
which coincides with the analytic continuation of the free energy (2.22) to negative values
of h, as the free energy associated with the metastable state at T < Tc. In fact, to the
best of our knowledge, it is the only mathematically precise definition of the metastable
free energy available today. The function (3.16) takes complex values, and its imaginary
part
Γ(m,h) ≡ =mFmeta(m,h) = m2 =mGmeta(ξ) (3.17)
is interpreted as the rate of decay of the metastable state. More precisely, according to
Langer’s theory [20,38], the actual rate of decay is asymptotically proportional (with the
constant factor absorbing the time scale) to this imaginary part in the limit h → 0 (or
ξ → 0). It is tempting to assume (as is often done in the literature on nucleation theory)
that similar relation extends to some finite domain of h, although it is understood that
the proportionality coefficient, being sensitive to at least some details of the kinetic model,
may very well depend on h, and its degree of universality is not clear. Another, and much
better understood, interpretation of (3.16) is in terms of the quantum field theory (1.1)
in 1 + 1 Minkowski space-time. Namely, at τ > 0 and h 6= 0 this field theory exhibits
a global resonance state commonly refered to as the “false vacuum”, and the quantity
(3.16) coincides with the associated (complex) energy density; in particular, the imaginary
part of (3.16) gives precisely the decay probability (per unit volume and per unit time)
of this resonance state [39,40,41]. If h is small, both of the above interpretations allow
12
one to justify the validity of the instanton saddle-point calculation, which in the D = 2
case yields the following h → 0 asymptotic behaviour of the imaginary part of (3.16) [21]
(see [20,39,40,41,34] for such calculations in more general context),








as h→ 0 , (3.18)
where σ¯ = s¯ |m|1/8 is the magnetization at zero h (see Eq. (2.15)). It is fair to say that there
is still some controversy about whether (3.18) gives the correct numerical coefficient in the
asymptotic behaviour of this imaginary part [42]. Our analysis in Sect. 7 is completely
consistent with the coefficient in (3.18), and actually offers the leading correction to this
asymptotic (see Eq. (equation5.95.9)).
3.3. The function Φ(η)
Although the scaling functions Ghigh and Glow above are defined independently, in
fact they can be analytically related one to another. To do this it is useful to introduce
another scaling variable,
η = m/|h|8/15 , (3.19)




logm2 + |h|16/15 Φ(η) . (3.20)
Of course, the scaling function Φ(η) here is related to the function(s) G(ξ) in (2.22), and
vice versa. If both m and h are real and positive we have






for real η > 0 . (3.22)
Similarly, if h > 0 but m < 0 the variables (2.21) and (3.19) are related as






for real η < 0 . (3.24)
On the other hand, for fixed h 6= 0 the free energy F (m,h), as function of m, is expected
to be analytic at all finite real m, including the point m = 0, for if h 6= 0 the correlation
length remains finite even at m = 0. Therefore the scaling function Φ(η) can be written
as
Φ(η) = − η
2
8pi
log η2 + Φ˜(η) , (3.25)
where the function Φ˜(η) is analytic at all finite real η.
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